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Abstract 


Hermitian forms, exponential sums and linear algebra give us the opportunity to construct two 
trace-codes and obtain their parameters. 
© 2003 Elsevier Science B.V. All rights reserved. 
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1. Introduction and preliminaries 


Let F, denote the finite field with f elements and characteristic p. The classical 
hermitian form theory on € can be written on F2 with the involution x + x° in Fa 
instead of the application z > Z. Then we can define quadratic hermitian forms on 
FY and on FŸ and construct two linear codes using the same method as Reed-Muller 
codes. The aim of this paper is to define two codes, to compute their parameters 
(Theorems 4 and 5) and to compare them to the classical Reed—Muller one. 

A rather complete introduction to hermitian forms over a finite field can be found in 
[1], and the use of those objects in coding Theory has been discussed in [2,3] or [4]. 
If x denotes an element in F2 such that F2 =F,(x), each element x of F2 is uniquely 
written as x=a+ba with (a,b)E F2. We say that X=x'!— a+ bal is the conjugate of x. 
A matrix A=(a;;);,; With entries a;; in F2 is said to be hermitian if it satisfies 4; — ai; 
for all z,j. Let N be an integer > 1. À sesquilinear form on E := FY is a function 
H : F} X FE — F2 semi-linear in the first variable and linear in the second variable. 
We know that H is called hermitian if it satisfies H(x, y) — H(y,x)' for all vectors 
x, y, and that a hermitian form is a sesquilinear hermitian form. We will denote by 
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H(F®) the vector space of hermitian forms on ÉÈ . IIxEeE and if H is a hermitian 
form, we can define the semi-linear map 


À :E — E* 
xt H(x, ), 


where E* denotes the dual of E. The map /7 becomes linear with the external law e 
defined by 4e / = À.I. We recall that the kernel Ker H (resp. rankrk H) of H is the 
kernel (resp. rank) of the linear map À. The matrix of H in a basis e—(e,...,en) 
of E is M := (H(e;,e;));; and satisfies H(x, y) =X*MY where X := T(x1,...,xv) and 
Y := T(y1,...,yv) are the co-ordinates of x and y in e. We know that M is also the 
matrix of 1 in the basis e and its dual basis e*, and we will write M — Mat(H;e). 

Let us introduce the orthogonality with respect to H in a usual way. The main result 
concerning H-orthogonality is the existence of H-orthogonal basis ([1, Theorem 4.1, 
p. 11651): If r is odd, we can find a H-orthogonal basis e — (e1,...,eny), and assume 
H(e;,e;) =0 or 1 for all :. Moreover the number r of non zero entries in the diagonal 
of Mat (H;e) is an invariant that depends only on H. The number r is the rank of H, 
and the last result means that we can always assume that A is given in the standard 
form H(x, y)=x!y1 +---+xfy. in some basis. 

The map qg:ÆE — F, defined by g(x) — H(x,x) is called the quadratic hermitian 
form on E associated to H, and we write QH(FY ) for the space of all quadratic 
hermitian form on E.Ifge QH(FY ), there exists a unique hermitian form Æ such that 
Y(H) = q, and it is called the polar form of q. The kernel and the rank of q will be 
those of the associated polar form H. In a H-orthogonal basis of E we certainly get 


POORONRE 


2. Quadratic hermitian forms on F; 


From now on, t is odd, H :FŸXIFY — F2 denotes a sesquilinear form, and F2=—F,(x). 
The map a: FN — F} defined by 4(x1,...,X2n) = (x1 + 0%2,...,X2N-1 + on) is an 
F,- vector space isomorphism. The map F2 x F2 — F:;(x,y) + H(ix,1y) will be 
F,- linear but with values in F2. As we want to work with functions with values in 
F;, it is convenient to define the quadratic hermitian form f on F2? associated with 
H by 


fPN2E, 


x H(ix,wx). 


If QH (F2V) denotes the vector space of all quadratic hermitian forms on F2", the 
function 


QH(FZ) — QH(F") 
ga)=H(,x)+ f() := H(x,1x) 


will be a F,-isomorphism. From this point of view, a hermitian form A, a quadratic 
hermitian form g on FY and a quadratic hermitian form f on F?" are all the same. 
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Proposition 1. Suppose t odd. The quadratic hermitian form f on FN associated with 
H is a F,-quadratic form associated with the bilinear form LB, where 
BE x FN F, 
@Gy)e f@+ 7) fx) — FO). 
We have B(x, y) = H(ix,1y) + H(ex1y) = Tree (AH (x, 1y)) . 


Proof. In a H-orthogonal basis of FY, we get g(x) = >}, x!*! for all xEE, thus 


Fr Fr 
SG) = qQx) = SG ani) = Nu + otlut + (ù + Just 
i=1] 


i=1 


with x={(u,v,...,un,un) € FN and #t1€F,. It follows that f(x) is an homogeneous 
polynomial of degree 2 in the coordinates of x and with coefficients in F,, i.e. a F, 
-quadratic form. Then it is easy to check that f(x + y) = f(x) + f(y) + H(ix,1y) + 
H(x,1y). Ù 
The kernel of B is 

KerB={xeF"/ Vye FN, B(x, y) =0} 
and the orthogonal of Ker B for the usual inner product in F2" is 

(KerB)! = {xeF"/ VyeKerB x.y =x1.y1 +:°:+x2n.yan = 0}. 

F2N 


Since the usual inner product x.y is only a non degenerate bilinear form on F7", we 
have dim Ker B + dim(Ker B)+ = 2N but we can’t say that F2 — Ker B@ (KerB)+. 


Proposition 2. (1) We have (Ker B)—Ker H. Thus 4 induces a F,-isomorphism from 
Ker B onto Ker H and rk f =1rkB=2rkH. 

(2) There is an endomorphism T of F2 with B(x, y)=T(x).y for all (x, y)E F2 x 
FN. 

(3) We have Ker T = Ker B, ImT —(KerB)+ and KerT C f-!(0). 


Proof. (1) Let ÿ denote a non trivial additive character on F;. The map W’=WoTrr,/6, 
is a non trivial additive character on F2 and Lemma 1 gives: 


(xEKerB)e VyE FF" BG, y) = Tre,r (H(x,1y)) = 0 


& V VCTre (Ha 1y))) £ 0 


EF" 
& NT, (H(x,2))) £ 0 


2cIN 
zeF 


& > V(H(e,2)) 0 


N 
2cF 
EF 


&VzE FE H(xz)=0 & wxeKerH. 
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Hence ‘(Ker B) C Ker H. Since 2 is a F,-isomorphism, the above equivalences imply 
the inverse inclusion. To complete the proof, we write 


rk f =rkB—2N — dimr, Ker B —2N — 2dimr, Ker A =2rk}H. 


(2) Since the inner product is non degenerate, for all x € F2V we can find T(x) € F2" 
such that B(x, y) = T(x).y for all y € F2. From 


B(Ax + x’, y) = ÀB(x, y) + B(x', y) 


we deduce [T(Ax + x’) — ÀT(x) — T(x'}].y = 0 for all yE F2", hence T(Ax + x’) — 
AT(x) — T(x') = 0 and the linearity of T follows. 
(3) The first equality is a consequence of 


xeKerT = (VyEe PF" T(x).y=0) & (VyEe FA B(x, y) =0) 
& xe KerB. 


If z2E FF and if ue KerB, then T(z).u = B(z,u) — 0, hence ImT C (KerB)!. This 
inclusion is an equality because 


dim(Im T) = 2N — dim(Ker T) = 2N — dim(Ker B) = dim((Ker B)!). 


IfxeKerT =KerB then f(x) = H(1x,1x) — 0 from 1, hence Ker T € f—!(0). 


3. Exponential sums S(f, v) 


Let us denote by W the additive character on F, defined by 
i27 
ÿ(x) = exp (= Tir, (0) 


If ve PF", we consider the exponential sum associated to f and v: 


S(Pu)= D WCF) + vx). 


xEeP\ 


Lemma 1. Let ÿ denotes a non trivial additive character on F,, V a F,-vector space 
of finite dimension m, and l:V — EF, a linear form on V. Then 


tif [=0, 
nl _ 
22 VU) . nu 


Proof. The map Wÿ o / is an additive character on VW © F7 and we can apply the 
orthogonality relation ([6, Theorem 5.4, p. 1881). 
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Lemma 2. 


t—t 
t—1. 


DECO 


xEFm 


Proof. The norm Nç,/r,:F» — FF is a multiplicative group epimorphism and that 
IN ON =" — 1)/G — 1) for all BEF}. Hence 
dt — 


Il 
D dNene QD = 14 DU Ne GE 14 DU VC). 


xEFm xEF zEF 


The use of the orthogonality relation > er ÿ(z) = —1 completes the proof. 


We are now ready to give another proof of the main result in [2]. In fact, a small 
mistake occurred in Proposition 3 of [2] as A(s,v) do not depends on f(u) but on 
Trr,r,(f(u)), as we shall see below. 


Theorem 1 (Cherdieu [3, Theorem 2 and Proposition 3]). Let ve FN and let f denote 
a quadratic hermitian form of rank 2p in F2". Consider the extensions F, € F; € 
F, CF and let ae F*. 

(1) If ve(KerB)* =ImT, we can find u EF such that v = T(u). Then 


S(af,v)= (1 Ya f(u)) 
and er: S(Q@f,v) =(—-1)PN PA(s,v) where 
s—1 ÿ Tr (f(u)) =0, 
A(s,v) = 
—1 else. 
(2) 1fv # (KerB)+ then S(af,v) = 0. 
Proof. Without loss of generality, we can assume that f is given in the standard form 


fQ)= HG, »)= ay) = pt +... + yétl where y = 4x) € FX. 
(1) (x) We first compute S(f,v). Since v = T(u), 


FC) + v.x = f(x) + Tux = f(x) + Bu,x) = f(u +x) — f(u) 
and 


So) = D YF) +0x)= VO Y(F(u+x) — f(u)). 


xeP" x" 


Define z = ou. Then 


P 
f@u+x)— fu) = a+») 46) = I +) 2] 


k=1 
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and 


P 
So)= ù [[éa+n)t -241 


Vis. YNE F2 k=1 


p 
= PWN—P) >. [LYC de Mi" … ai 


V9 EF2 k=1 


p 
= PAPE Luc), 


k=1 


where =, er, ki WG + ve) 1). We have 


p—1 
= (I HG + n°) [5 TD) 


VisYp=1EF 2 k=1 YPEF2 
Lemma 2 gives > yiets (CZ + Yo) = EE ÿ(y*1) = “1, hence 
p—1 
ë=(—0 (TI CC + ny) : 
Vies Vo —1 EF 2 k=1 
We proceed to obtain £ —(—#}”, and so 


P 
SF,0)= (DA PTT CO = CDR PCT 2) 


k=1 
= (LAN Ya). 


Since g(z) = H(au,wu) = f(u), we see that S(f,v) =(—1) 2" —PY(— f(u)). 

(B) Let us compute S(af,v). By the above applied with f,— af instead of f, we 
obtain S(af,v)=(—-1) #2" —PyY(-af(u)) where u, satisfies v— Tu, and T, is defined 
by 


Ta@x).y = fax + y) — fa@x) — Fay) = af + y) — QG) — f(y)) = a(T(x).y). 


Hence T, = aT. We have v = Tu, = aT(u,) = T(au,), and we can take u = au,. This 
gives S(af,v) = (—1) PV" ÿ(af(a tu) = (LP PNY a f(u)). 
(y) By the above 


D Saf,v)=(—1Y PP ya f(u)) 


a€F* acF# 
= (IPN Ya Tri, (SF ())), 
ae Fx 


where ÿ' is the additive character W'(x)—exp((i2x/p)Trr,/r,(x)) on F,. Since the map 
z + W'(cz) describes the set of additive characters on F, when c describes F,, the 
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orthogonality relation yields 


S_S(af,o)= (LAN LES Tr (0) 


a€eF* EF 
= (—1)PN—PA(Ss, v). 


(2) Define f,=af. Since a€F,, f, is a hermitian quadratic form on F2V and the 
bilinear form B,(x, y) = fa(x + y) — fax) — fa(y) associated to f, satisfies Ker B, 
— Ker B. Hence we can assume that a— 1 without loss of generality. Let v  (Ker B)+. 
The first part of the Theorem gives S(f,0)—(—1}#2"—? hence S(f,0) # 0. Therefore 
S(f,v) = 0 if and only if S(f,v)S(f,0) = 0. we have 


S(F,0)SCT,0)= D WG) — (y) + 2.x)) 


F2N 


x,yEF 

= JG +Y)- (y) +0.x+0.y)) 
x, YEN 

= D YG)+BGy)+0.x +0.) 
x,yE PNY 

= JFG) + 0x) D YUTG)+v).p). 
x€F" EF 


Since v £ (Ker B)+, the sum T(x)+ v is never null and the map /(y)—(T(x)+v).y is 
a non trivial linear form on F2V. We conclude from Lemma 1 that 5° EF ÿ(/(y))=0, 


and finally that S(f,v)S(f,0) = 0. 


Remark. The constant A(s,v) in Theorem 1 depends whether Trr,r,(f(u)) = 0 or 
not. It has a meaning if we check that v = T(u) = T(u') and Trr,r,(f(u)) = 0 imply 
Tree, (f(w))=0. Let v=T(u)=T(u’). Then u—w’ :=weKerT and B(w,u')= f(u)— 
f(w) — f(u'). From B(w,u') = T(w).u! = 0 and f(w) = à B(w,w) _ ST(w).w = 0 if 
follows that f(u) — f(u’), which gives the desired conclusion. 


4. Number of solutions of two trace equations 


Theorem 2. Let ve", let p be a positive integer such that 1 < p < N, and f be 
a quadratic hermitian form of rank2p on FN. The number M of solutions of the 
equation Trr,yr, (f(x) + v.x) = 0 in FN is 

LPN + (1) A(s, 0)" P) if vE(KerB)! =ImT, 


ON 
S 


else. 
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Proof. Let us introduce the additive character W’(x) — exp((i2z/p) Trr,r,(x)) on F.. 
Then (see remark below Theorem 5.5 in [6]): 


SM = D D WCTrryr, (f(x) + vx). 


cf, xeF\ 


Since 


d'(cTre,r, (f(x) + v.x)) = exp (Æ Tre,/e,(CTre,/r, (fx) + 2.) 


— Exp (Æ Tree, (Cf x) + co») 


= Y(cf(x) + cv.x), 
we deduce 
sM — ÿ >, Y(c f(x) + cv.x) = Eee ÿ ÿ Ye! f(cx) + v(cx)) 
CEFs xe FN cEF* xer?\ 
= PN 4 N S(c fo). 


ceF* 


Now the assertion follows from Theorem 1. 


Theorem 3 (Cherdieu et al. [5, Proposition 3]). Let a€F,, p be a positive integer 
with 1 <p <N, and f be a quadratic hermitian form of rank 2p on PV. The number 
M of solutions of the equation Trr,,(f(x)) = a in FN is 
CSS fa70, 
M=4 


LNH (-1ÿ(s— DPNP) if a =0. 
Proof. We can assume that f is given in the standard form f(x) = H(y, y) = HR + 


+ yftl where y=4(x) € F5. If F denotes the set of additive characters on F,, then 
(see remark below Theorem 5.5 in [6]) 


SM = ND Tree (f(x) — a). 


VEFN xeFN 
Hence 
SM = PV HN Ya) D Te CE + + pt). 
b#1 EF 
We have 
Ay= D UCTrer O1). Tr, 570) 
vEFS 


p 


= PO | Nr EG) PAPE, 
vEF2 
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where By = 3 ),er, WCTrr,r,(y*1)). Since the norm N:F% — F} is surjective and 
satisfies [N—!(z)| = {+1 for all 2€ F*, we get 


By=1+ (+1) D UTrr,,@))= 


z€F* 


Therefore 


SM = PN HAN D pa) = FN + CPE | 14 D Ya) 
71 EFN 


and the usual orthogonality relation establishes the formula. 


Remark. Theorem 3 follows from Theorem 2 when a — 0. A generalization of these 


two results would be to compute the number of solutions of Trr,/r, (f(x) + v.x) = a in 
FN, 


5. The code FT 


Remember that QH(F?") denotes the F;-vector space of quadratic hermitian forms 
on FN. The image of the linear map 


y: QH(F2) x FN = F7 
(f; v) nd (Tree, (f(x) + vx) her" 


is a code l'in FF. This code was first introduced by Cherdieu in [2] and next 
Theorem provides us with its parameters. Let us denote by w(c) the weight of a non 
null code-word in a code C. If d < w(c) < D and if the bounds of these inequalities 
are reached, we say that d is the minimal distance of C, and that r — D/d is the 
disparity of C. 


Theorem 4. The weights w(y(f,v)) of the non null code-word NX f,v) of the code T 
satisfy: 


l l 
PU THE < WC 0) < FT — Ts DÉNO 


and the bounds of these inequalities are reached. The parameters and the disparity 
of T are: 


1 
ENr,Kr,Dr]l= [PV (N? + 2N)log, 48 — "(PU + PNTT)| and 
S 


(s—1)({+1) 


[) = 
ie st—t—] 


282 
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Proof. The length of I is Nr = #2". If follows immediately from Theorem 2 that the 
equation Trr,r, (f(x) +v.x)=0 have PV solutions in F if and only if (f,v)—(0,0). 
Consequently the map y is injective and 


Kr = dim, D = dim, (QH(F2") x FN) = (N2 + 2N ) log, f. 


We have w(y(f,v)) = 2" — M(f,v) where the number M(f,v) of solutions of the 
equation Trr,yr, (f(x) + v.x) = 0 in FN is provided by Theorem 2: 


L(PN + (—-1)A(s, 0)" P) if ve (KerB)- =ImT, 
M(P0)= 4 x 


S 


else. 


We consider several cases: 


1. 


2,2; 


2,3, 


Ifv=0, then f £ 0, and 

1.1. If p is even, then 2 < p < 2[N/2] and 
1 1 
LEE DR SMS CT Et. (1) 
s s 

1.2. If o is odd, then 1 < p < 2[(N — 1)/2] + 1 and 


Le" be DÉS EMLOS Let NC nn he (2) 


.IfvZÆ0, 


2.1. If p is even and ve(KerB)-, then p Z 0. We get 


N 1 
2<p<2 5 et M(f,0) = (PV + A(s, 0) NP), 
s 
We can find a vector w such that Trr,yr,(f(u)) Æ 0 (indeed flu)=r"* +: EE 
in a convenient basis, and the map y + Trr,/r, ( y'+D) is surjective since Trr,/r, 

are Nr,/r, are surjective) thus there will be 2 possible cases: 
2.1.1. Ifv=T(u) with Tre,r,(f(u)) = 0, then M(f,0) = 1/5(PN + (5 — 1)2N—P) 


and 
LP + (6 DAV) € MS,0) € PV + (512) (3) 
2.1.2. If v=T(u) with Tr, (f(u)) Z 0, then M(f,v) = 1/s(PN — PV?) and 
= CA _ PN2) £M(f,v) < = Ca _ PN-AN), (4) 


If p is even and v g (KerB)+, then M(f,v)—#?"/s belongs to one of the intervals 

defined by (3) or (4). 

If p is odd and ve (KerB)*, then M(f,v) = 1/s(P2N — A(s,v)#2N—P), 

2.3.1. Ifv=T(u) with Tree, (f(u)) = 0, then M(f,0) = 1/5(PN — (5 — 1)2N—P) 
and 


A …. (s …. N'a 


< M(F,0) < LP — (5 — DEMANDAIT), (5) 
S 
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2.3.2. If u=T(u) with Tr, (f(u)) Z 0, then M(f,v) = 1/s(PN + PV?) and 
Low + PN-AN-DIT) € M(f, 0) < Lex + PN-1), (6) 
S S 


2.4. If p is odd and v g (KerB)*, then M(f,v) = #°"/s belongs to one of the 
intervals defined by (3) or (4). 


It is sufficient to consider the bounds (1)}-(6) to deduce 
1 1 
= ab . (s _ L'an < M(f,v) < UT ne PTE) 
s s 


for all (f,v) € (QH(F2") x F2V) \ {(0,0)}. Hence obtain the bounds of the weights 
w(7(,0)). 


6. The code C 


The parameters of the code J° in Section 5 are computed from Theorem 2. We can 
apply the same construction to use Theorem 3. The image of the linear map 


c: QHFN) x FF 
(a) (Tree, @)) — acer 


is a code C with length Nc — PN on F.. The map c is one to one. Indeed, if the 
non null quadratic form f satisfies Trr,yr,(f(x)) = a for all xE F", and if p denotes 
the rank of f, then f(x) = " Hess + de where y = 1x and 1 < p < N, and the 


assumption on f implies Trr,/r,( l'AS) = a for all y, EF. This is a contradiction of 
the fact that the map Trr,/r, © Nr, 15,:Fe — F, is onto. 
As c is one to one, the dimension of C will be: 


Ke = dimr (QH(F) x F,) = 1 + N? log, f. 


Theorem 5. The weights w(c(f,a)) of the non null code-words c(f,a) in C satisfy: 
1 
NN …. SAT Fa ENT) < w(c(f,a)) < p2N 
s 
and the bounds are reached. The parameters and the disparity of C are: 


1 
Nc,Kc,Dc]= |PN,1 + N?l0g, 48 — (PN EPNTT)| and 
8, - 


st 
C) = ——————. 
de. st—t—] 
Proof. It suffices to bound the weights w(c(f,a)). We certainly have w(c(f,a)) — 
PN _M(f,a) where M(f,a), which denotes the number of solutions of the equation 
Tree (f(x) = a in PV, is given by Theorem 3. 


1. If a—0, we know that p £ 0. 
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1.1. If op is even, then 2 < p < 2[N/2] and 
LAN 4 (5 DAANAI) < M(,0) & LP + (= DAV) (D) 
1.2. If p is odd, then 1 < p < 2[(N — 1)/2] + 1 and 


et _(s— 121) 


< M(F,0) < LP — (5 LAVANDE), Q) 
S 


2. faZ0, 
2.1. If p is even, 


0<M(f,a)< Le ANA (3) 
2.2. If p is odd, 
4 = PN—AN—1)/21-1) <M(f,a)< Le F PN—1), (4) 
The bounds (1) to (4) imply 
V(f,a)e (QH(F") x F;) \ {(0,0)} 


1 
DEMCAAE CPAS, 
S 


7. Comparison of land C to Reed-Muller codes 


Let C denote a code [Nc, Kc, Dec]. The ratio Kc/Nc is called the transmission rate, 
and the ratio Dc/Nc represents the reliability of C. Note that C can correct [(Dc—1)/2] 
errors and that 


Ke. Dc 
À = — + — 
(C) Ne + Ne 


is less than 1 + 1/Nc and must be as great as possible [5]. 

The generalized Reed—Muller code R(r,m) of order r on F” is described by the 
code-words (f(x)).ker" where f are polynomials in F,[X1,...,%,] of total degree less 
than r. The dimension of R(r,m) is Cr... if r <t, and the parameters of R(2,2N) are 


EN Rs Del = EM 2NT LAN LL EN 2 PE), 


Let us compare R(2,2N) to the code l' with same length #2" obtained with s—#. The 
code R(2,2N) have a better transmission rate since 

Ke  Kr Il > 

————(N +N+I 

DS at 


is always positive, but the numbers of corrected errors is better with 1° since 


Dr — De = pN-1 pPN—2 


D.-J. Mercier | Journal of Pure and Applied Algebra 179 (2003) 273-285 285 


is always positive. One can also check that the difference 


1 
AT) — RD = PU TN =N=1) 


is positive or null as soon as N > 2 or { > 4. In this sense, 1’ have better parameters 
than R(2,2N). 

Let us compare C with 1° and R(2,2N). The codes C and l° have same length and 
same minimal distance, thus will correct the same amount of errors. Nevertheless the 
dimension of Î° is greater than those of C, hence lis better at this point of view. But 
C can be compared with the Reed-Muller code R(2,2N) when s =. Since 


De-Dr=PN 21 -1)>0 
we find that C can correct more errors than R(2,2N). But the transmission rate is not 
so good because 

Kr Ke _ N?+3N 

Nr Nc _ £2N 
We can check that lim,_.,,, (A(C)—(R)) = 0 when N is chosen. In this sense, C can 
be compared with R(2,2N ) for large values of f. In the same manner lim;_,,, ((Kr/NR) 


— (Kc/Nc)) = 0 and the transmission rates of C and R(2,2N) can be compared for 
large values of £. 


> 0. 
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